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THE CUMULATIVE DISTRIBUTION FUNCTION OF THE 
DOUBLY-TRUNCATED NORMAL DISTRIBUTION 

 
Arvid C. Johnson, Dominican University, River Forest, IL 

 
 

Definition of the Standardized, Doubly-Truncated Normal 
Distribution 

 
Consider a normally-distributed random variable x with 

a probability density function f(x) specified as 

 

(1) 

 

If the values of x below some value xL and above some value 

xR cannot be observed – due to censoring or truncation – 

then, as shown in Figure 1, the resulting distribution is a 

doubly-truncated normal distribution with probability 

density function fDTN(x) given by 

 

 

(2) 

 

 

 

where f(x) is as defined in Equation 1. 
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Figure 1. Doubly-Truncated Normal Distribution (in Terms of 
the Original Population Parameters) 

 
 
For purposes of generality, Equation 2 can be re-stated in 

terms of the standard normal distribution (denoted f(z)) 

where 

 

(3) 

 

and  

 

(4) 

 

In terms of this standard normal distribution, the points 

of truncation xL and xR will be denoted by kL and kR, 

respectively, as given by 
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(5) 

 

Reformulating the doubly-truncated normal distribution of 

Equation 2 in terms of the standard normal distribution, 

the following can be found: 

 

 

(6) 

 

 

This is illustrated in Figure 2. 
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Figure 2. Doubly-Truncated Normal Distribution (in Terms of 
the Standard Normal Distribution) 
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To define what this paper terms as a “standardized, 

doubly-truncated normal distribution,” introduce a 

standardizing variable t = z – kL, which has the effect of 

defining the left-most point of truncation as t = 0.  The 

standardized, doubly-truncated normal distribution fSDTN(t) 

is, thus, given by 

 

 

(7) 

 

 

and is illustrated in Figure 3. 
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Figure 3. Standardized, Doubly-Truncated Normal 
Distribution 

 
 

It should be noted that, without loss of generality, 

by defining the lower truncation point kL as t = 0, the 
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upper truncation point kR has a standardized t value of tR = 

kR – kL. 

This paper, next, develops formulas for the two 

parameters of the standardized, doubly-truncated normal 

distribution: the mean (µt) and the standard deviation (σt) 

– for given points of truncation kL and kR. 
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Parameters of the Standardized, Doubly-Truncated Normal 
Distribution 

 
Consider the mean (µt) of the standardized, doubly-

truncated normal distribution – for given points of 

truncation kL and kR, where f(t) is as defined in Equation 

7. 

 

(8) 

 

With t = z – kL, it follows that dt = dz, z = kL for t = 0, 

and z = kR for t = tR.  Using this, Equation 8 becomes 

 

 

(9) 

 

 

 

Consider the first term within the brackets in 

Equation 9.  To evaluate this term, one can make use of the 

identity [Bey87] 

 

(10) 

 

Using Equations 4 and 10, it can be shown that 
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(11) 

 

 

 

Defining F(k) as 

 

(12) 

 

and using Equations 11 and 12, Equation 9 can be re-stated 

in its final form as 

 

(13) 

From Equation 5-13, it is clear that the mean of the 

standardized, doubly-truncated normal distribution is 

solely dependent upon the points of truncation kL and kR. 

Consider now the standard deviation (σt) of the 

standardized, doubly-truncated normal distribution.  Given 

that [Hin90] 

 

(14) 
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It is only necessary to find E(t2). 

 

 

(15) 

 

 

The last two terms within the brackets in Equation 15 

have already been encountered in Equations 11 and 12, 

respectively.  Consider, now, the first term – which, via 

integration by parts, can be found to be equivalent to 

 

(16) 

 

Utilizing Equations 11, 12, and 16, Equation 15 can be re-

stated as 

 

 

(17) 

 

 

Equation 17 can be used along with Equation 13 to 

calculate σt as shown in Equation 14.  Once again, it is 

worth noting that the standard deviation of the 
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standardized, doubly-truncated normal distribution is 

solely dependent upon the points of truncation kL and kR. 

Finally, it is convenient to define a coefficient of 

variation c – which, again, is determined solely by the 

particular values of kL and kR 

 (18) 
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Development of Tables of the Cumulative Distribution 
Function of the Standardized, Doubly-Truncated Normal 
Distribution 

 
Given the formulation of the probability density 

function fSDTN(t) of the standardized, doubly-truncated 

normal distribution in Equation 7, its cumulative 

distribution function FSDTN(t) can be stated as 

 

(19) 

 

where F(k) is as defined in Equation 12 and F(z) is the 

cumulative probability associated with a standard normal 

variate of value z. 

Thus, given points of truncation kL and kR, one can 
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function of the standardized, doubly-truncated normal 
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use of Equation 19 and tables of the cumulative 

distribution function of the standard normal distribution 
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those provided in [Abr72].  In developing the tables 

presented below, the results of utilizing the Excel 

functions were compared with [Abr72]’s smallest error 

formulation: (|ε(x)| < 7.5 x 10-8)  

 

 

(20) 

 

 

 

In general, the results of the Excel-based 

calculations and those based upon Equation 20 were found to 

be close enough that either could be used for purposes of 

developing the tables presented in this paper.  

Specifically, the values of the cumulative distribution 

calculated using the Excel worksheet functions agreed with 
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Even after computations involved with one of the most 

heavily truncated cases presented in this paper (i.e., kL = 
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utilized in this paper due to its ease of implementation – 

with the results/values being shown to four decimal places. 
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Using the approach outlined above, a table of the 

standardized value t at which the cumulative distribution 

function FSDTN(t) of the standardized, doubly-truncated 

normal distribution function assumes some value has been 

developed.  This problem was solved computationally through 

the use of a dichotomous line search algorithm, and the 

results are presented in Table 1 over the range FSDTN(t) = 

0.01 to FSDTN(t) = 0.99, with varying granularity.  Table 1 

is presented in thirteen segments – for allowable 

combinations of kL and kR over the range –3.0(0.2)3.0.  

(“Allowable combinations” simply means that the upper 

truncation point kR must be greater than the lower 

truncation point kL.)  

Review of Table 1 indicates that, unlike the 

standardized, left- and right-truncated normal 

distributions, the standardized, doubly-truncated normal 

distribution does not have a uniquely-determined 

coefficient of variation c.  This is summarized is Table 2 

– which lists the mean, standard deviation, and coefficient 

of variation for allowable combinations of the lower and 

upper truncation points.  Table 2 is presented in five 

segments grouped by lower truncation point kL. 
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Table 1.  Standard t Value Associated with a Cumulative 
Distribution Value F(t) For the Standardized, Doubly-
Truncated Normal Distribution  
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Table 1. (continued) 
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.
5
2
0
9

4
.
8
4
1
9

2
.
6
0
5
7

0
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9
7
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0
.
3
7
2
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-
2
.
6

3
.
0

0
.
4
1
9
3

0
.
7
1
2
0

0
.
9
9
6
0

1
.
3
4
1
2

1
.
5
7
9
6

1
.
7
7
0
7

2
.
6
0
4
2

3
.
4
4
1
1

3
.
6
3
4
5
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.
8
7
7
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4
.
2
3
4
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4
.
5
3
9
8

4
.
8
8
0
5

2
.
6
0
9
2

0
.
9
7
5
2

0
.
3
7
3
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Table 1. (continued) 
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u
m
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l
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t
i
v
e
 
P
r
o
b
a
b
i
l
i
t
y
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F
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t
)

k L
k
R

0
.
0
1

0
.
0
2
5

0
.
0
5

0
.
1
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.
1
5
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0
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.
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0
.
8
5
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.
9

0
.
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5

0
.
9
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5

0
.
9
9

M
e
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n

S
t
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D
e
v

C
o
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-
2
.
4

-
2
.
2

0
.
0
0
2
5

0
.
0
0
6
3

0
.
0
1
2
6

0
.
0
2
4
7

0
.
0
3
6
6

0
.
0
4
8
1

0
.
1
1
1
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0
.
1
6
6
6

0
.
1
7
5
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0
.
1
8
3
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0
.
1
9
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0
.
1
9
6
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0
.
1
9
8
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0
.
1
0
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0
5
7
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5
2
9
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-
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.
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-
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.
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0
.
0
0
6
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0
.
0
1
5
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0
.
0
3
1
3

0
.
0
6
0
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0
.
0
8
7
7

0
.
1
1
3
3

0
.
2
4
2
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0
.
3
4
2
9

0
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3
5
7
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0
.
3
7
2
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0
.
3
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.
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9
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2
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.
3
9
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0
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2
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1
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-
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.
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1
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.
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.
4
8
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6
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.
5
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6

1
.
5
6
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3

1
.
5
8
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3

1
.
5
9
3
0

1
.
0
8
7
5

0
.
3
8
9
2

0
.
3
5
7
8

-
2
.
4

-
0
.
6

0
.
1
0
4
7

0
.
2
2
5
9

0
.
3
7
6
3

0
.
5
8
5
5

0
.
7
3
6
5

0
.
8
5
6
9

1
.
3
2
5
2

1
.
6
3
1
3

1
.
6
7
5
4

1
.
7
1
8
1

1
.
7
5
9
6

1
.
7
7
9
9

1
.
7
9
2
0

1
.
2
3
1
7

0
.
4
2
9
6

0
.
3
4
8
8

-
2
.
4

-
0
.
4

0
.
1
2
8
6

0
.
2
7
0
5

0
.
4
4
0
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0
.
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7
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.
8
3
3
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0
.
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6
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.
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.
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.
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6

1
.
9
0
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8

1
.
9
5
3
9

1
.
9
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1
.
9
9
0
8

1
.
3
7
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0
.
4
7
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0
.
3
4
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-
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.
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-
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.
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.
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.
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.
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0
.
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.
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6
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6
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.
6
0
9
0

1
.
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8
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7

2
.
0
3
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5
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.
0
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2
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.
1
4
6
9
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.
1
7
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6

2
.
1
8
9
4

1
.
5
0
6
4

0
.
5
1
0
7

0
.
3
3
9
0

-
2
.
4

0
.
0

0
.
1
7
7
2

0
.
3
5
6
3

0
.
5
5
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7
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.
8
2
2
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1
.
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0
8
0
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.
1
5
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0

1
.
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3
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.
1
5
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.
2
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.
2
7
6
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2
.
3
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.
3
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.
3
8
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7
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.
6
3
4
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.
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.
3
3
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.
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0
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0
.
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9
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.
6
1
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.
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.
0
8
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6
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.
2
3
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0

1
.
8
5
7
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.
3
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3
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.
3
8
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.
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5
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6
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.
5
2
7
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.
5
6
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6
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.
5
8
5
4

1
.
7
5
4
5

0
.
5
9
3
5

0
.
3
3
8
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0
.
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0
.
2
2
1
1

0
.
4
2
9
3

0
.
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5
5
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0
.
9
4
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.
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.
3
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9
0

1
.
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.
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.
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4
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.
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.
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.
7
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4

2
.
7
8
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5

1
.
8
6
5
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0
.
6
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.
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4
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.
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.
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0
.
4
8
4
2
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.
4
2
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6
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.
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4
1
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.
7
3
7
6

2
.
8
4
3
1

2
.
9
5
3
8

3
.
0
7
1
8

3
.
1
3
4
4

3
.
1
7
3
4

2
.
0
5
7
3

0
.
7
1
8
7

0
.
3
4
9
3

-
2
.
4

1
.
0

0
.
2
6
8
6

0
.
5
0
4
7

0
.
7
5
3
7

1
.
0
6
8
5

1
.
2
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8
5

1
.
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7

2
.
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1
0
3

2
.
8
5
3
0

2
.
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7
2
1

3
.
1
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0

3
.
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0
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3
.
3
1
7
3

3
.
3
6
6
1

2
.
1
3
6
4

0
.
7
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8
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0
.
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-
2
.
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1
.
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0
.
2
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0
.
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0
9

0
.
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7
4
6

1
.
0
9
4
6

1
.
3
1
8
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1
.
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2
.
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7

2
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3
.
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1
9

3
.
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9
9
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.
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9
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9

3
.
5
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0

2
.
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0
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0
.
7
9
6
6

0
.
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1
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2
.
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.
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0
.
2
8
7
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0
.
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3
3
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0
.
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.
1
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.
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.
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.
6
6
1
7
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.
7
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1
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.
2
6
0
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.
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3
1
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0
.
3
6
7
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2
.
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1
.
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.
2
9
3
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0
.
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4
2
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0
.
8
0
2
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1
.
1
2
9
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1
.
3
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8
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.
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4
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.
3
4
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3
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.
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3
.
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3
.
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.
8
1
7
1
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6
2
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.
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.
4

1
.
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Table 1. (continued) 
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Table 1. (continued) 
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Table 1. (continued) 
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Table 1. (continued) 
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Table 1. (continued) 
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Table 1. (continued) 
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Table 1. (continued) 
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Table 1. (continued) 
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Table 2. Mean, Standard Deviation, and Coefficient of 
Variation Associated with a Standardized, Doubly-
Truncated Normal Distribution  

 

kL kR Mean Std Dev CoV kL kR Mean Std Dev CoV

-3.0 -2.8 0.1096 0.0566 0.5166 -2.6 -2.4 0.1083 0.0566 0.5229
-3.0 -2.6 0.2364 0.1113 0.4709 -2.6 -2.2 0.2313 0.1123 0.4856
-3.0 -2.4 0.3768 0.1616 0.4288 -2.6 -2.0 0.3661 0.1644 0.4491
-3.0 -2.2 0.5272 0.2070 0.3927 -2.6 -1.8 0.5095 0.2127 0.4175
-3.0 -2.0 0.6842 0.2480 0.3624 -2.6 -1.6 0.6586 0.2575 0.3910
-3.0 -1.8 0.8451 0.2852 0.3375 -2.6 -1.4 0.8109 0.2993 0.3692
-3.0 -1.6 1.0077 0.3198 0.3173 -2.6 -1.2 0.9642 0.3390 0.3516
-3.0 -1.4 1.1702 0.3526 0.3013 -2.6 -1.0 1.1169 0.3774 0.3379
-3.0 -1.2 1.3314 0.3846 0.2889 -2.6 -0.8 1.2674 0.4150 0.3275
-3.0 -1.0 1.4899 0.4165 0.2795 -2.6 -0.6 1.4143 0.4526 0.3200
-3.0 -0.8 1.6449 0.4488 0.2729 -2.6 -0.4 1.5565 0.4906 0.3152
-3.0 -0.6 1.7952 0.4820 0.2685 -2.6 -0.2 1.6928 0.5293 0.3126
-3.0 -0.4 1.9400 0.5165 0.2662 -2.6 0.0 1.8220 0.5687 0.3121
-3.0 -0.2 2.0782 0.5523 0.2657 -2.6 0.2 1.9431 0.6090 0.3134
-3.0 0.0 2.2088 0.5894 0.2668 -2.6 0.4 2.0550 0.6499 0.3162
-3.0 0.2 2.3310 0.6278 0.2693 -2.6 0.6 2.1567 0.6908 0.3203
-3.0 0.4 2.4437 0.6671 0.2730 -2.6 0.8 2.2476 0.7314 0.3254
-3.0 0.6 2.5461 0.7068 0.2776 -2.6 1.0 2.3270 0.7708 0.3312
-3.0 0.8 2.6374 0.7464 0.2830 -2.6 1.2 2.3948 0.8081 0.3374
-3.0 1.0 2.7172 0.7849 0.2889 -2.6 1.4 2.4511 0.8426 0.3438
-3.0 1.2 2.7852 0.8216 0.2950 -2.6 1.6 2.4965 0.8735 0.3499
-3.0 1.4 2.8417 0.8556 0.3011 -2.6 1.8 2.5319 0.9002 0.3556
-3.0 1.6 2.8872 0.8861 0.3069 -2.6 2.0 2.5585 0.9225 0.3606
-3.0 1.8 2.9226 0.9125 0.3122 -2.6 2.2 2.5777 0.9402 0.3647
-3.0 2.0 2.9492 0.9344 0.3168 -2.6 2.4 2.5911 0.9538 0.3681
-3.0 2.2 2.9685 0.9520 0.3207 -2.6 2.6 2.6000 0.9637 0.3707
-3.0 2.4 2.9819 0.9654 0.3238 -2.6 2.8 2.6057 0.9706 0.3725
-3.0 2.6 2.9908 0.9752 0.3261 -2.6 3.0 2.6092 0.9752 0.3738
-3.0 2.8 2.9965 0.9820 0.3277 -2.4 -2.2 0.1076 0.0570 0.5296
-3.0 3.0 3.0000 0.9866 0.3289 -2.4 -2.0 0.2288 0.1129 0.4934
-2.8 -2.6 0.1089 0.0564 0.5175 -2.4 -1.8 0.3607 0.1657 0.4595
-2.8 -2.4 0.2339 0.1118 0.4779 -2.4 -1.6 0.5004 0.2153 0.4303
-2.8 -2.2 0.3715 0.1630 0.4389 -2.4 -1.4 0.6451 0.2619 0.4059
-2.8 -2.0 0.5185 0.2099 0.4050 -2.4 -1.2 0.7926 0.3059 0.3860
-2.8 -1.8 0.6716 0.2528 0.3765 -2.4 -1.0 0.9406 0.3481 0.3701
-2.8 -1.6 0.8284 0.2924 0.3530 -2.4 -0.8 1.0875 0.3892 0.3578
-2.8 -1.4 0.9866 0.3295 0.3340 -2.4 -0.6 1.2317 0.4296 0.3488
-2.8 -1.2 1.1445 0.3651 0.3190 -2.4 -0.4 1.3718 0.4700 0.3426
-2.8 -1.0 1.3006 0.3999 0.3075 -2.4 -0.2 1.5064 0.5107 0.3390
-2.8 -0.8 1.4537 0.4347 0.2990 -2.4 0.0 1.6344 0.5518 0.3376
-2.8 -0.6 1.6027 0.4698 0.2931 -2.4 0.2 1.7545 0.5935 0.3383
-2.8 -0.4 1.7464 0.5058 0.2896 -2.4 0.4 1.8656 0.6354 0.3406
-2.8 -0.2 1.8838 0.5428 0.2881 -2.4 0.6 1.9668 0.6774 0.3444
-2.8 0.0 2.0139 0.5810 0.2885 -2.4 0.8 2.0573 0.7187 0.3493
-2.8 0.2 2.1357 0.6202 0.2904 -2.4 1.0 2.1364 0.7587 0.3551
-2.8 0.4 2.2480 0.6601 0.2936 -2.4 1.2 2.2041 0.7966 0.3614
-2.8 0.6 2.3502 0.7004 0.2980 -2.4 1.4 2.2602 0.8315 0.3679
-2.8 0.8 2.4413 0.7404 0.3033 -2.4 1.6 2.3055 0.8627 0.3742
-2.8 1.0 2.5210 0.7793 0.3091 -2.4 1.8 2.3408 0.8897 0.3801
-2.8 1.2 2.5889 0.8162 0.3153 -2.4 2.0 2.3674 0.9122 0.3853
-2.8 1.4 2.6453 0.8504 0.3215 -2.4 2.2 2.3866 0.9301 0.3897
-2.8 1.6 2.6907 0.8811 0.3274 -2.4 2.4 2.4000 0.9438 0.3932
-2.8 1.8 2.7261 0.9076 0.3329 -2.4 2.6 2.4089 0.9538 0.3959
-2.8 2.0 2.7527 0.9296 0.3377 -2.4 2.8 2.4146 0.9608 0.3979
-2.8 2.2 2.7720 0.9473 0.3417 -2.4 3.0 2.4181 0.9654 0.3992
-2.8 2.4 2.7854 0.9608 0.3449
-2.8 2.6 2.7943 0.9706 0.3474
-2.8 2.8 2.8000 0.9775 0.3491
-2.8 3.0 2.8035 0.9820 0.3503
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Table 2. (continued) 
 

kL kR Mean Std Dev CoV kL kR Mean Std Dev CoV

-2.2 -2.0 0.1070 0.0573 0.5360 -1.8 -1.6 0.1057 0.0576 0.5454
-2.2 -1.8 0.2262 0.1134 0.5011 -1.8 -1.4 0.2211 0.1140 0.5158
-2.2 -1.6 0.3552 0.1669 0.4699 -1.8 -1.2 0.3439 0.1688 0.4910
-2.2 -1.4 0.4910 0.2177 0.4434 -1.8 -1.0 0.4717 0.2218 0.4703
-2.2 -1.2 0.6312 0.2660 0.4214 -1.8 -0.8 0.6021 0.2731 0.4536
-2.2 -1.0 0.7734 0.3121 0.4035 -1.8 -0.6 0.7331 0.3229 0.4405
-2.2 -0.8 0.9158 0.3567 0.3895 -1.8 -0.4 0.8626 0.3717 0.4309
-2.2 -0.6 1.0563 0.4003 0.3789 -1.8 -0.2 0.9890 0.4197 0.4244
-2.2 -0.4 1.1936 0.4434 0.3715 -1.8 0.0 1.1105 0.4672 0.4208
-2.2 -0.2 1.3260 0.4864 0.3668 -1.8 0.2 1.2256 0.5144 0.4197
-2.2 0.0 1.4523 0.5295 0.3646 -1.8 0.4 1.3330 0.5610 0.4208
-2.2 0.2 1.5711 0.5728 0.3646 -1.8 0.6 1.4314 0.6069 0.4240
-2.2 0.4 1.6812 0.6161 0.3665 -1.8 0.8 1.5198 0.6515 0.4287
-2.2 0.6 1.7817 0.6592 0.3700 -1.8 1.0 1.5976 0.6944 0.4346
-2.2 0.8 1.8717 0.7015 0.3748 -1.8 1.2 1.6643 0.7347 0.4414
-2.2 1.0 1.9504 0.7423 0.3806 -1.8 1.4 1.7199 0.7716 0.4486
-2.2 1.2 2.0178 0.7808 0.3870 -1.8 1.6 1.7648 0.8045 0.4559
-2.2 1.4 2.0738 0.8163 0.3936 -1.8 1.8 1.8000 0.8329 0.4627
-2.2 1.6 2.1190 0.8480 0.4002 -1.8 2.0 1.8265 0.8565 0.4689
-2.2 1.8 2.1542 0.8753 0.4063 -1.8 2.2 1.8458 0.8753 0.4742
-2.2 2.0 2.1808 0.8981 0.4118 -1.8 2.4 1.8592 0.8897 0.4786
-2.2 2.2 2.2000 0.9162 0.4165 -1.8 2.6 1.8681 0.9002 0.4819
-2.2 2.4 2.2134 0.9301 0.4202 -1.8 2.8 1.8739 0.9076 0.4843
-2.2 2.6 2.2223 0.9402 0.4231 -1.8 3.0 1.8774 0.9125 0.4860
-2.2 2.8 2.2280 0.9473 0.4252 -1.6 -1.4 0.1050 0.0576 0.5489
-2.2 3.0 2.2315 0.9520 0.4266 -1.6 -1.2 0.2185 0.1143 0.5231
-2.0 -1.8 0.1063 0.0575 0.5412 -1.6 -1.0 0.3382 0.1696 0.5017
-2.0 -1.6 0.2237 0.1137 0.5085 -1.6 -0.8 0.4617 0.2235 0.4841
-2.0 -1.4 0.3496 0.1679 0.4804 -1.6 -0.6 0.5870 0.2761 0.4703
-2.0 -1.2 0.4814 0.2199 0.4567 -1.6 -0.4 0.7119 0.3274 0.4599
-2.0 -1.0 0.6168 0.2697 0.4373 -1.6 -0.2 0.8345 0.3779 0.4528
-2.0 -0.8 0.7536 0.3178 0.4217 -1.6 0.0 0.9531 0.4276 0.4486
-2.0 -0.6 0.8897 0.3646 0.4098 -1.6 0.2 1.0659 0.4767 0.4472
-2.0 -0.4 1.0235 0.4106 0.4012 -1.6 0.4 1.1715 0.5250 0.4482
-2.0 -0.2 1.1531 0.4560 0.3955 -1.6 0.6 1.2687 0.5725 0.4512
-2.0 0.0 1.2772 0.5013 0.3925 -1.6 0.8 1.3562 0.6185 0.4560
-2.0 0.2 1.3943 0.5465 0.3919 -1.6 1.0 1.4334 0.6625 0.4622
-2.0 0.4 1.5033 0.5914 0.3934 -1.6 1.2 1.4997 0.7039 0.4693
-2.0 0.6 1.6028 0.6358 0.3967 -1.6 1.4 1.5551 0.7417 0.4770
-2.0 0.8 1.6921 0.6792 0.4014 -1.6 1.6 1.6000 0.7755 0.4847
-2.0 1.0 1.7704 0.7209 0.4072 -1.6 1.8 1.6352 0.8045 0.4920
-2.0 1.2 1.8374 0.7603 0.4138 -1.6 2.0 1.6617 0.8287 0.4987
-2.0 1.4 1.8932 0.7964 0.4207 -1.6 2.2 1.6810 0.8480 0.5044
-2.0 1.6 1.9383 0.8287 0.4275 -1.6 2.4 1.6945 0.8627 0.5091
-2.0 1.8 1.9735 0.8565 0.4340 -1.6 2.6 1.7035 0.8735 0.5128
-2.0 2.0 2.0000 0.8796 0.4398 -1.6 2.8 1.7093 0.8811 0.5155
-2.0 2.2 2.0192 0.8981 0.4448 -1.6 3.0 1.7128 0.8861 0.5173
-2.0 2.4 2.0326 0.9122 0.4488
-2.0 2.6 2.0415 0.9225 0.4518
-2.0 2.8 2.0473 0.9296 0.4541
-2.0 3.0 2.0508 0.9344 0.4556  
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Table 2. (continued) 
 

kL kR Mean Std Dev CoV kL kR Mean Std Dev CoV

-1.4 -1.2 0.1043 0.0576 0.5522 -1.0 -0.8 0.1030 0.0576 0.5595
-1.4 -1.0 0.2159 0.1145 0.5305 -1.0 -0.6 0.2106 0.1149 0.5455
-1.4 -0.8 0.3324 0.1703 0.5125 -1.0 -0.4 0.3207 0.1714 0.5346
-1.4 -0.6 0.4517 0.2250 0.4982 -1.0 -0.2 0.4312 0.2272 0.5270
-1.4 -0.4 0.5716 0.2786 0.4874 -1.0 0.0 0.5401 0.2822 0.5225
-1.4 -0.2 0.6902 0.3312 0.4798 -1.0 0.2 0.6456 0.3364 0.5210
-1.4 0.0 0.8056 0.3829 0.4754 -1.0 0.4 0.7458 0.3895 0.5223
-1.4 0.2 0.9159 0.4339 0.4737 -1.0 0.6 0.8391 0.4414 0.5261
-1.4 0.4 1.0197 0.4840 0.4747 -1.0 0.8 0.9242 0.4916 0.5320
-1.4 0.6 1.1155 0.5330 0.4778 -1.0 1.0 1.0000 0.5396 0.5396
-1.4 0.8 1.2021 0.5804 0.4828 -1.0 1.2 1.0658 0.5845 0.5484
-1.4 1.0 1.2787 0.6257 0.4894 -1.0 1.4 1.1213 0.6257 0.5581
-1.4 1.2 1.3447 0.6682 0.4969 -1.0 1.6 1.1666 0.6625 0.5679
-1.4 1.4 1.4000 0.7071 0.5051 -1.0 1.8 1.2024 0.6944 0.5775
-1.4 1.6 1.4449 0.7417 0.5134 -1.0 2.0 1.2296 0.7209 0.5863
-1.4 1.8 1.4801 0.7716 0.5213 -1.0 2.2 1.2496 0.7423 0.5940
-1.4 2.0 1.5068 0.7964 0.5286 -1.0 2.4 1.2636 0.7587 0.6004
-1.4 2.2 1.5262 0.8163 0.5349 -1.0 2.6 1.2730 0.7708 0.6055
-1.4 2.4 1.5398 0.8315 0.5400 -1.0 2.8 1.2790 0.7793 0.6093
-1.4 2.6 1.5489 0.8426 0.5440 -1.0 3.0 1.2828 0.7849 0.6119
-1.4 2.8 1.5547 0.8504 0.5470 -0.8 -0.6 0.1023 0.0577 0.5636
-1.4 3.0 1.5583 0.8556 0.5491 -0.8 -0.4 0.2080 0.1150 0.5530
-1.2 -1.0 0.1037 0.0576 0.5557 -0.8 -0.2 0.3148 0.1718 0.5457
-1.2 -0.8 0.2132 0.1147 0.5379 -0.8 0.0 0.4208 0.2279 0.5416
-1.2 -0.6 0.3266 0.1709 0.5235 -0.8 0.2 0.5241 0.2833 0.5405
-1.2 -0.4 0.4415 0.2263 0.5125 -0.8 0.4 0.6228 0.3377 0.5422
-1.2 -0.2 0.5560 0.2807 0.5048 -0.8 0.6 0.7153 0.3909 0.5465
-1.2 0.0 0.6681 0.3342 0.5002 -0.8 0.8 0.8000 0.4424 0.5530
-1.2 0.2 0.7759 0.3869 0.4986 -0.8 1.0 0.8758 0.4916 0.5613
-1.2 0.4 0.8778 0.4386 0.4996 -0.8 1.2 0.9419 0.5379 0.5711
-1.2 0.6 0.9723 0.4891 0.5030 -0.8 1.4 0.9979 0.5804 0.5817
-1.2 0.8 1.0581 0.5379 0.5084 -0.8 1.6 1.0438 0.6185 0.5926
-1.2 1.0 1.1342 0.5845 0.5154 -0.8 1.8 1.0802 0.6515 0.6032
-1.2 1.2 1.2000 0.6282 0.5235 -0.8 2.0 1.1079 0.6792 0.6130
-1.2 1.4 1.2553 0.6682 0.5323 -0.8 2.2 1.1283 0.7015 0.6217
-1.2 1.6 1.3003 0.7039 0.5413 -0.8 2.4 1.1427 0.7187 0.6289
-1.2 1.8 1.3357 0.7347 0.5500 -0.8 2.6 1.1524 0.7314 0.6347
-1.2 2.0 1.3626 0.7603 0.5580 -0.8 2.8 1.1587 0.7404 0.6390
-1.2 2.2 1.3822 0.7808 0.5649 -0.8 3.0 1.1626 0.7464 0.6420
-1.2 2.4 1.3959 0.7966 0.5706 -0.6 -0.4 0.1017 0.0577 0.5675
-1.2 2.6 1.4052 0.8081 0.5751 -0.6 -0.2 0.2053 0.1151 0.5606
-1.2 2.8 1.4111 0.8162 0.5784 -0.6 0.0 0.3089 0.1720 0.5569
-1.2 3.0 1.4148 0.8216 0.5808 -0.6 0.2 0.4104 0.2283 0.5563

-0.6 0.4 0.5081 0.2838 0.5586
-0.6 0.6 0.6000 0.3381 0.5636
-0.6 0.8 0.6847 0.3909 0.5709
-0.6 1.0 0.7609 0.4414 0.5801
-0.6 1.2 0.8277 0.4891 0.5909
-0.6 1.4 0.8845 0.5330 0.6026
-0.6 1.6 0.9313 0.5725 0.6147
-0.6 1.8 0.9686 0.6069 0.6265
-0.6 2.0 0.9972 0.6358 0.6376
-0.6 2.2 1.0183 0.6592 0.6474
-0.6 2.4 1.0332 0.6774 0.6556
-0.6 2.6 1.0433 0.6908 0.6622
-0.6 2.8 1.0498 0.7004 0.6672
-0.6 3.0 1.0539 0.7068 0.6707  
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Table 2. (continued) 
 

kL kR Mean Std Dev CoV kL kR Mean Std Dev CoV

-0.4 -0.2 0.1010 0.0577 0.5712 0.2 0.4 0.0990 0.0577 0.5827
-0.4 0.0 0.2027 0.1151 0.5682 0.2 0.6 0.1947 0.1151 0.5911
-0.4 0.2 0.3030 0.1722 0.5682 0.2 0.8 0.2852 0.1718 0.6024
-0.4 0.4 0.4000 0.2285 0.5712 0.2 1.0 0.3688 0.2272 0.6161
-0.4 0.6 0.4919 0.2838 0.5769 0.2 1.2 0.4440 0.2807 0.6321
-0.4 0.8 0.5772 0.3377 0.5851 0.2 1.4 0.5098 0.3312 0.6497
-0.4 1.0 0.6542 0.3895 0.5954 0.2 1.6 0.5655 0.3779 0.6682
-0.4 1.2 0.7222 0.4386 0.6073 0.2 1.8 0.6110 0.4197 0.6869
-0.4 1.4 0.7803 0.4840 0.6203 0.2 2.0 0.6469 0.4560 0.7050
-0.4 1.6 0.8285 0.5250 0.6338 0.2 2.2 0.6740 0.4864 0.7216
-0.4 1.8 0.8670 0.5610 0.6470 0.2 2.4 0.6936 0.5107 0.7362
-0.4 2.0 0.8967 0.5914 0.6595 0.2 2.6 0.7072 0.5293 0.7484
-0.4 2.2 0.9188 0.6161 0.6706 0.2 2.8 0.7162 0.5428 0.7580
-0.4 2.4 0.9344 0.6354 0.6800 0.2 3.0 0.7218 0.5523 0.7651
-0.4 2.6 0.9450 0.6499 0.6876 0.4 0.6 0.0983 0.0577 0.5867
-0.4 2.8 0.9520 0.6601 0.6934 0.4 0.8 0.1920 0.1150 0.5988
-0.4 3.0 0.9563 0.6671 0.6976 0.4 1.0 0.2793 0.1714 0.6138
-0.2 0.0 0.1003 0.0577 0.5750 0.4 1.2 0.3585 0.2263 0.6311
-0.2 0.2 0.2000 0.1152 0.5758 0.4 1.4 0.4284 0.2786 0.6504
-0.2 0.4 0.2970 0.1722 0.5796 0.4 1.6 0.4881 0.3274 0.6708
-0.2 0.6 0.3896 0.2283 0.5861 0.4 1.8 0.5374 0.3717 0.6917
-0.2 0.8 0.4759 0.2833 0.5953 0.4 2.0 0.5765 0.4106 0.7121
-0.2 1.0 0.5544 0.3364 0.6067 0.4 2.2 0.6064 0.4434 0.7312
-0.2 1.2 0.6241 0.3869 0.6199 0.4 2.4 0.6282 0.4700 0.7481
-0.2 1.4 0.6841 0.4339 0.6343 0.4 2.6 0.6435 0.4906 0.7624
-0.2 1.6 0.7341 0.4767 0.6493 0.4 2.8 0.6536 0.5058 0.7739
-0.2 1.8 0.7744 0.5144 0.6642 0.4 3.0 0.6600 0.5165 0.7825
-0.2 2.0 0.8057 0.5465 0.6783 0.6 0.8 0.0977 0.0577 0.5905
-0.2 2.2 0.8289 0.5728 0.6910 0.6 1.0 0.1894 0.1149 0.6065
-0.2 2.4 0.8455 0.5935 0.7019 0.6 1.2 0.2734 0.1709 0.6251
-0.2 2.6 0.8569 0.6090 0.7107 0.6 1.4 0.3483 0.2250 0.6460
-0.2 2.8 0.8643 0.6202 0.7175 0.6 1.6 0.4130 0.2761 0.6684
-0.2 3.0 0.8690 0.6278 0.7225 0.6 1.8 0.4669 0.3229 0.6916
0.0 0.2 0.0997 0.0577 0.5789 0.6 2.0 0.5103 0.3646 0.7145
0.0 0.4 0.1973 0.1151 0.5835 0.6 2.2 0.5437 0.4003 0.7363
0.0 0.6 0.2911 0.1720 0.5909 0.6 2.4 0.5683 0.4296 0.7560
0.0 0.8 0.3792 0.2279 0.6011 0.6 2.6 0.5857 0.4526 0.7728
0.0 1.0 0.4599 0.2822 0.6137 0.6 2.8 0.5973 0.4698 0.7865
0.0 1.2 0.5319 0.3342 0.6283 0.6 3.0 0.6048 0.4820 0.7970
0.0 1.4 0.5944 0.3829 0.6442 0.8 1.0 0.0970 0.0576 0.5941
0.0 1.6 0.6469 0.4276 0.6609 0.8 1.2 0.1868 0.1147 0.6141
0.0 1.8 0.6895 0.4672 0.6776 0.8 1.4 0.2676 0.1703 0.6365
0.0 2.0 0.7228 0.5013 0.6936 0.8 1.6 0.3383 0.2235 0.6609
0.0 2.2 0.7477 0.5295 0.7081 0.8 1.8 0.3979 0.2731 0.6863
0.0 2.4 0.7656 0.5518 0.7207 0.8 2.0 0.4464 0.3178 0.7119
0.0 2.6 0.7780 0.5687 0.7311 0.8 2.2 0.4842 0.3567 0.7366
0.0 2.8 0.7861 0.5810 0.7391 0.8 2.4 0.5125 0.3892 0.7594
0.0 3.0 0.7912 0.5894 0.7450 0.8 2.6 0.5326 0.4150 0.7792

0.8 2.8 0.5463 0.4347 0.7957
0.8 3.0 0.5551 0.4488 0.8085  
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Table 2. (continued) 
 

kL kR Mean Std Dev CoV

1.0 1.2 0.0963 0.0576 0.5979
1.0 1.4 0.1841 0.1145 0.6218
1.0 1.6 0.2618 0.1696 0.6479
1.0 1.8 0.3283 0.2218 0.6756
1.0 2.0 0.3832 0.2697 0.7039
1.0 2.2 0.4266 0.3121 0.7317
1.0 2.4 0.4594 0.3481 0.7578
1.0 2.6 0.4831 0.3774 0.7811
1.0 2.8 0.4994 0.3999 0.8008
1.0 3.0 0.5101 0.4165 0.8165
1.2 1.4 0.0957 0.0576 0.6021
1.2 1.6 0.1815 0.1143 0.6296
1.2 1.8 0.2561 0.1688 0.6593
1.2 2.0 0.3186 0.2199 0.6902
1.2 2.2 0.3688 0.2660 0.7211
1.2 2.4 0.4074 0.3059 0.7508
1.2 2.6 0.4358 0.3390 0.7780
1.2 2.8 0.4555 0.3651 0.8015
1.2 3.0 0.4686 0.3846 0.8207
1.4 1.6 0.0950 0.0576 0.6065
1.4 1.8 0.1789 0.1140 0.6374
1.4 2.0 0.2504 0.1679 0.6705
1.4 2.2 0.3090 0.2177 0.7045
1.4 2.4 0.3549 0.2619 0.7379
1.4 2.6 0.3891 0.2993 0.7693
1.4 2.8 0.4134 0.3295 0.7971
1.4 3.0 0.4298 0.3526 0.8205
1.6 1.8 0.0943 0.0576 0.6107
1.6 2.0 0.1763 0.1137 0.6451
1.6 2.2 0.2448 0.1669 0.6817
1.6 2.4 0.2996 0.2153 0.7186
1.6 2.6 0.3414 0.2575 0.7542
1.6 2.8 0.3716 0.2924 0.7868
1.6 3.0 0.3923 0.3198 0.8150
1.8 2.0 0.0937 0.0575 0.6142
1.8 2.2 0.1738 0.1134 0.6524
1.8 2.4 0.2393 0.1657 0.6925
1.8 2.6 0.2905 0.2127 0.7324
1.8 2.8 0.3284 0.2528 0.7700
1.8 3.0 0.3549 0.2852 0.8035
2.0 2.2 0.0930 0.0573 0.6162
2.0 2.4 0.1712 0.1129 0.6594
2.0 2.6 0.2339 0.1644 0.7031
2.0 2.8 0.2815 0.2099 0.7457
2.0 3.0 0.3158 0.2480 0.7851
2.2 2.4 0.0924 0.0570 0.6169
2.2 2.6 0.1687 0.1123 0.6660
2.2 2.8 0.2285 0.1630 0.7135
2.2 3.0 0.2728 0.2070 0.7587
2.4 2.6 0.0917 0.0566 0.6171
2.4 2.8 0.1661 0.1118 0.6727
2.4 3.0 0.2232 0.1616 0.7238
2.6 2.8 0.0911 0.0564 0.6188
2.6 3.0 0.1636 0.1113 0.6801
2.8 3.0 0.0904 0.0566 0.6261  
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To further illustrate the behavior of the coefficient 

of variation c over the range of truncation points 

illustrated in Table 2, the area/contour plot in Figure 4 

was generated.  This clearly indicates that the coefficient 

of variation is non-unique over the range studied.  

However, given a value of the coefficient of variation c, 

one can clearly determine a potential range of combinations 

of lower and upper truncation points (kL and kR, 

respectively) over which that value is possible – and, 

thus, limit universe of possibilities. 

 

 
Figure 4. Contour/Area Plot of the Coefficient of Variation 

of the Standardized, Doubly-Truncated Normal Distribution 
 

With respect to Figure 4, the apparent asymmetry is 

simply an artifact of the way in which the standardized t 
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value was defined – i.e., with the lower truncation point kL 

set equal to 0.  Had the upper truncation point kR been set 

equal to 0, the resulting figure would be the mirror image 

of that shown in Figure 4.  This “asymmetry” is eliminated 

when the coefficient of variation is expressed in terms of 

the standard normal (z) variable. 

Table 3 presents the Table 1 information in a more 

compact form – and in a format similar to the tables often 

provided for functions such as the “F” distribution.  In 

this case, for six values of the cumulative distribution 

function FSDTN(t), Table 3 provides the standardized t value 

associated with that FSDTN(t) as a function of the points of 

truncation kL and kR.  Table 3 is divided into six segments 

– for FSDTN(t) = 0.01, 0.025, 0.05, 0.95, 0.975, and 0.99. 
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Table 3. Standardized t Value Associated with F(t) as a 
Function of the Points of Truncation 
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Table 3. (continued) 
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Table 3. (continued) 
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Examples of Use of the Tables for the Standardized, Doubly-
Truncated Normal Distribution 

 
Table 1. An individual is dealing with a pattern of 

variability (random variable) that is normally distributed 

with a mean value of 20 units and a standard deviation of 5 

units.  Due to additional constraints, the actual values of 

this distribution are restricted to the range from 12 units 

to 32 units.  For planning purposes, he would like to 

estimate the 90th percentile of this demand pattern.  

 This demand pattern would be appropriately modeled as 

that of a doubly-truncated normal distribution.  Using the 

notation of Figure 1: µ = 20, σ = 5, xL = 12, and xR = 32.  

In terms of the standard normal distribution, the 

truncation points kL and kR can be calculated using Equation 

5  

 

 

 

 

Finally, to develop the standardized, doubly-truncated 

normal distribution for this demand pattern, use t = z – kL.  

In this case, t = z + 1.6.  (The upper limit of this 

distribution would, then, be given by tR = kR – kL = 4.0.) 

 

4.2
5

2032x
k

6.1
5

2012x
k

R
R

L
L

=
−

=
σ

µ−
=

−=
−

=
σ

µ−
=



  40  

 Using Table 1, with kL = -1.6 and kR = 2.4, one finds 

that the standard t value associated with FSDTN(t) = 0.90 is 

t = 2.8708.  In terms of the standard normal variate, this 

corresponds to 

 

This value, in turn, corresponds to a value of x = 20 + 

1.2706(5) = 26.353 units with respect to the original 

distribution.  This can be compared to the value of 26.4 

units that would be obtained by using (non-truncated) 

standard normal tables. 

Table 2.  Continuing the example above, suppose that 

the manager desires to estimate the actual mean and 

standard deviation of the truncated population.   

Using Table 2, for truncation points of kL = -1.6 and 

kR = 2.4, it can be seen that the standardized, doubly-

truncated normal distribution has a mean of µt = 1.6945 and 

a standard deviation of σt = 0.8627.  In other words, the 

actual mean of the demand pattern will be 20.4725 units 

(slightly greater than the non-truncated population) with a 

standard deviation of 4.3135 units (slightly less than the 

non-truncated case). 

 

2706.16.18708.2ktz L =−=+=
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Reference Visualizations for the Standardized, Doubly-
Truncated Normal Distribution 

 
In this section, visualizations of the standardized, 

doubly-truncated normal distribution are presented for 

reference in working with this family of distributions.  

Specifically – for allowable combinations of lower and 

upper truncations points of -3, -2, -1, 0, 1, 2, and 3 – 

the figures graphically represent the probability density 

function fSDTN(t) and the cumulative probability distribution 

FSDTN(t) for the appropriate range of standard t values.  In 

addition, the mean, standard deviation, and coefficient of 

variation are summarized for each of these figures – based 

upon the values determined in Table 2. 

In Figures 5 through 25, the dashed/broken line is 

that of the probability density function fSDTN(t) and the 

solid line is that of the cumulative distribution function 

FSDTN(t). 
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kL = -3 and kR = -2
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Figure 5. Visualization of the Standardized, Doubly-
Truncated Normal Distribution with Points of Truncation 
kL = -3 and kR  = -2 

 

kL = -3 and kR = -1
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Figure 6. Visualization of the Standardized, Doubly-
Truncated Normal Distribution with Points of Truncation 
kL  = -3 and kR = -1 
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kL = -3 and kR = 0
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Figure 7. Visualization of the Standardized, Doubly-
Truncated Normal Distribution with Points of Truncation 
kL = -3 and kR = 0 
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Figure 8. Visualization of the Standardized, Doubly-
Truncated Normal Distribution with Points of Truncation 
kL = -3 and kR = 1 
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kL = -3 and kR = 2
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Figure 9. Visualization of the Standardized, Doubly-
Truncated Normal Distribution with Points of Truncation 
kL = -3 and kR = 2 

 
 

kL = -3 and kR = 3
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Figure 10. Visualization of the Standardized, Doubly-

Truncated Normal Distribution with Points of Truncation 
kL = -3 and kR = 3 
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kL = -2 and kR = -1
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Figure 11. Visualization of the Standardized, Doubly-
Truncated Normal Distribution with Points of Truncation 
kL = -2 and kR = -1 
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Figure 12. Visualization of the Standardized, Doubly-

Truncated Normal Distribution with Points of Truncation 
kL = -2 and kR = 0 
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kL = -2 and kR = 1
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Figure 13. Visualization of the Standardized, Doubly-
Truncated Normal Distribution with Points of Truncation 
kL = -2 and kR = 1 
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Figure 14. Visualization of the Standardized, Doubly-

Truncated Normal Distribution with Points of Truncation 
kL = -2 and kR = 2 
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kL = -2 and kR = 3
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Figure 15. Visualization of the Standardized, Doubly-
Truncated Normal Distribution with Points of Truncation 
kL = -2 and kR = 3 
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Figure 16. Visualization of the Standardized, Doubly-

Truncated Normal Distribution with Points of Truncation 
kL = -1 and kR = 0 
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kL = -1 and kR = 1
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Figure 17. Visualization of the Standardized, Doubly-

Truncated Normal Distribution with Points of Truncation 
kL = -1 and kR = 1 
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Figure 18. Visualization of the Standardized, Doubly-

Truncated Normal Distribution with Points of Truncation 
kL = -1 and kR = 2 
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kL = -1 and kR = 3
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Figure 19. Visualization of the Standardized, Doubly-

Truncated Normal Distribution with Points of Truncation 
kL = -1 and kR = 3 
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Figure 20. Visualization of the Standardized, Doubly-

Truncated Normal Distribution with Points of Truncation 
kL = 0 and kR = 1 



  50  

kL = 0 and kR = 2
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Figure 21. Visualization of the Standardized, Doubly-

Truncated Normal Distribution with Points of Truncation 
kL = 0 and kR = 2 

 
 
 

kL = 0 and kR = 3
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Figure 22. Visualization of the Standardized, Doubly-

Truncated Normal Distribution with Points of Truncation 
kL = 0 and kR = 3 
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kL = 1 and kR = 2
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Figure 23. Visualization of the Standardized, Doubly-

Truncated Normal Distribution with Points of Truncation 
kL = 1 and kR = 2 
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Figure 24. Visualization of the Standardized, Doubly-

Truncated Normal Distribution with Points of Truncation 
kL = 1 and kR = 3 
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kL = 2 and kR = 3
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Figure 25. Visualization of the Standardized, Doubly-

Truncated Normal Distribution with Points of Truncation 
kL = 2 and kR = 3 
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