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REFORMULATION IN TERMS OF THE STANDARD NORMAL VARIATE 
 

Arvid C. Johnson, Dominican University, River Forest, IL 
 
 

This paper provides a reformulation of selected key 

tables for the left-, right-, and doubly-truncated normal 

distribution in terms of the standard normal variate (z).  

Many workers/researchers may find these reformulations more 

attractive than those presented elsewhere due to their 

similarity to tables used for the non-truncated normal 

distribution.  Unfortunately, the coefficient of variation 

is, by definition, undefined for cases of symmetric (and 

light) truncation. 

Recall that, in terms of the standard normal variable 

(z), where  

 

(1) 

 

the equation for the non-truncated normal distribution is 

given by 

 

(2) 
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Left-Truncated Normal Distribution 

Definition.  For the case of a left-truncated normal 

distribution – i.e., one in which values of the normal 

variable below some point xL cannot be observed – the point 

of truncation xL can be defined in terms of the standard 

normal variable and will be denoted kL as given by 

 

(3) 

 

Thus, the left-truncated normal distribution can be 

represented in terms of the standard normal distribution by 

the following:  (See Figure 1.) 

 

(4) 

 

 

From Equation 4, one may then find the cumulative 

distribution function of the left-truncated normal 

distribution, as shown below: 

 

(5) 
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Figure 1. Left-Truncated Normal Distribution (in Terms of 
the Standard Normal Distribution) 

 

where f(z) is as defined in Equation 2, and F(z) is given 

by 

 

(6) 

 

Characteristic Parameters.  The mean (µz) and standard 

deviation (σz) of the left-truncated normal distribution – 

as defined in Equation 4 – for a given point of truncation 

kL can be found in [Joh70] and elsewhere. 

 

(7) 

 

(8) 
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As noted elsewhere, the point of truncation kL solely 

and uniquely defines the mean and standard deviation of the 

left-truncated normal distribution.  As before, the 

coefficient of variation c – which exists uniquely for a 

particular kL – can be defined as 

 

 (9) 

 

Reformulated Tables. Using Equations 5 through 9, a 

prior table has been reformulated in terms of the standard 

normal variate (z).  This reformulated table is presented 

as Table 1 and provides the standard normal variate (z) 

associated with a given value of the cumulative 

distribution function F(z) over the range F(z) = 0.005 to 

F(z) = 0.995, with varying granularity.  Table 1 is 

presented in two segments – for negative and positive 

values, respectively, of the point of truncation kL over the 

range -3.0(0.2)3.0. 

As may be noted in a review of Table 1, the 

coefficient of variation – as defined in Equation 9 – 

approaches infinity as the degree of truncation is reduced 

and approaches zero for heavy truncation.  This is 

illustrated in Figure 2, in which the coefficients of 

variation  in terms of the  standardized  truncated value t  

z

zc
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Table 1. Standard Normal Variate z Associated with a 
Cumulative Distribution Value F(z) for the Left-Truncated 
Normal Distribution  
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Table 1. (continued) 
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and the standard normal variate z are plotted over the 

range of truncation points kL from -3 to 3. 
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Figure 2. Coefficients of Variation in Terms of the 
Standardized Variate t and the Standard Normal Variate z 
as a Function of the Point of Truncation kL 
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Right-Truncated Normal Distribution 

Definition.  For the case of a right-truncated normal 

distribution – i.e., one in which values of the normal 

variable above some point xR cannot be observed – the point 

of truncation xR can be defined in terms of the standard 

normal variable and will be denoted kR as given by 

 

(10) 

 

Thus, the right-truncated normal distribution can be 

represented in terms of the standard normal distribution by 

the following:  (See Figure 3.) 

 

 

(11) 
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11 22 3300

11

−1−1−2−2−3−3 z

fRTN(z)

kR  

Figure 3. Right-Truncated Normal Distribution (in Terms of 
the Standard Normal Distribution) 

 

From Equation 11, one may then find the cumulative 

distribution function of the right-truncated normal 

distribution, as shown below: 

 

(12) 

 

where f(z) is as defined in Equation 2, and F(z) is given 

by Equation 6. 

Characteristic Parameters.  The mean (µz) and standard 

deviation (σz) of the right-truncated normal distribution – 

as defined in Equation 11 – for a given point of truncation 

kR can be found in [Joh70] and elsewhere. 
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(14) 

 

 

As noted elsewhere, the point of truncation kR solely 

and uniquely defines the mean and standard deviation of the 

left-truncated normal distribution.  As before, the 

coefficient of variation c – which exists uniquely for a 

particular kR – can be defined as 

 

 (15) 

 

 

Reformulated Tables. Using Equations 12 through 15, a 

prior table has been reformulated in terms of the standard 

normal variate (z).  This reformulated table is presented 

as Table 2 and provides the standard normal variate (z) 

associated with a given value of the cumulative 

distribution function F(z) over the range F(z) = 0.005 to 

F(z) = 0.995, with varying granularity.  Table 2 is 

presented in two segments – for negative and positive 

values, respectively, of the point of truncation kR over the 

range -3.0(0.2)3.0. 

z
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As may be noted in a review of Table 2, the 

coefficient of variation – as defined in Equation 15 – 

approaches infinity as the degree of truncation is reduced 

and approaches zero for heavy truncation.  This is 

illustrated in Figure 4, in which the coefficients of 

variation in terms of the standardized truncated value t 

and the standard normal variate z are plotted over the 

range of truncation points kR from -3 to 3. 
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Table 2. Standard Normal Variate z Associated with a 
Cumulative Distribution Value F(z) for the Right-
Truncated Normal Distribution (kR = -3 to 0) 
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Table 2. (continued) 
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Figure 4. Coefficients of Variation in Terms of the 

Standardized Variate t and the Standard Normal Variate z 
as a Function of the Point of Truncation kR 
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Doubly-Truncated Normal Distribution 

Definition.  For the case of a doubly-truncated normal 

distribution – i.e., one in which values of the normal 

variable below some point xL and above some point xR cannot 

be observed – the points of truncation xL and xR can be 

defined in terms of the standard normal variable as shown 

in Equations 3 and 10 and denoted kL and kR, respectively.  

 Thus, the doubly-truncated normal distribution can be 

represented in terms of the standard normal distribution:  

(See Figure 5.) 

 

 

(16) 

 

 

11 22 3300
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Figure 5. Doubly-Truncated Normal Distribution (in Terms of 
the Standard Normal Distribution) 
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From Equation 16, one may then find the cumulative 

distribution function of the doubly-truncated normal 

distribution, as shown below: 

 

(17) 

 

 

Characteristic Parameters.  The mean (µz) and standard 

deviation (σz) of the doubly-truncated normal distribution – 

as defined in Equation 16 – for given points of truncation 

kL and kR can be found in [Joh70] and elsewhere. 

 

(18) 

 

(19) 

 

 

 

From Equations 18 and 19, it is clear that the mean 

and standard deviation of the doubly-truncated normal 

distribution are solely dependent upon the points of 

truncation kL and kR.  As before, the coefficient of 

variation c – which, again, is determined solely by the 

particular values of kL and kR – can be defined as  
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 (20) 

 

Reformulated Tables.  Using Equations 17 through 20, a 

prior table has been reformulated in terms of the standard 

normal variate (z).  This reformulated table is presented 

as Table 3 and provides the standard normal variate (z) 

associated with a given value of the cumulative 

distribution function F(z).  Table 3 is divided into six 

segments – for F(z) = 0.01, 0.025, 0.05, 0.95, 0.975, and 

0.99. 

As was noted elsewhere, the coefficient of variation c 

is not uniquely determined by the points of truncation kL 

and kR for the doubly-truncated normal distribution.  This 

is illustrated in Figure 6, which presents a contour plot 

of the magnitude of the coefficient of variation over the 

range of allowable truncation points from -3 to 3.   

In reviewing Figure 6, several points are worth 

noting.  First, the figure possesses symmetry, as would be 

expected.  Second, the “sign” of the coefficient of 

variation is determined by the relative degree of 

truncation of the lower and upper tails – which, in turn, 

determines the sign of the mean.  Finally, the coefficient 

z

zc
µ
σ

=
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of variation c approaches ±∞ for cases of symmetric 

truncation and becomes undefined. 
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Table 3. Standard Normal Value z Associated with F(z) as a 
Function of the Points of Truncation 
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Table 3. (continued) 
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Table 3. (continued) 
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8
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6
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6
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2
.
0
2
1
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.
0
6
1
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.
0
8
6

0.
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.
7
8
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9
7
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1
6
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.
3
3
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.
5
0
8

1
.
6
6
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1
.
8
0
8
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.
9
2
8
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0
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.
0
9
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2
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4
1
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.
1
7
0

0.
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9
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9
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.
1
7
5
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.
3
5
8
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.
5
3
3
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.
6
9
8

1
.
8
4
9

1
.
9
8
1
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0
8
8
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.
1
7
0
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.
2
2
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.
2
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1
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.
1
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3
7
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1
.
5
5
5
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.
7
2
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1
.
8
8
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0
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1
5
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.
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.
3
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3
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.
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.
3
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1
.
5
7
3

1
.
7
5
2
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9
2
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0
7
6
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0
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.
4
0
1

2
.
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5
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.
5
8
8
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.
7
7
2

1
.
9
4
9
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.
1
1
4

2
.
2
6
3

2
.
3
8
8

2
.
4
8
6

2
.
5
5
4

1.
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.
7
8
8

1
.
9
7
1
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.
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3
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4
4
9

2
.
5
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3
6
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.
7
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2
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9
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.
9
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0

 



  23  
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F
(
z
)
 =

0
.
9
7
5

k
L/
k
R

-
3
.
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-
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.
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-
2
.
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-
2
.
4

-
2
.
2

-
2
.
0

-
1
.
8

-
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-
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.
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-
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-
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-
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2
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6
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2
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-
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2
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.
2
0
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2
.
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0
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-
1
.
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1
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-
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4
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-
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.
2
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-
1
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0
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-
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-
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4
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-
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2
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.
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-
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.
2
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-
0
.
0
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1
.
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s
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d

-
1
.
4
0
4

-
1
.
2
0
8

-
1
.
0
1
1

-
0
.
8
1
4

-
0
.
6
1
7

-
0
.
4
2
0

-
0
.
2
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3

-
0
.
0
2
8

-
1
.
4

-
1
.
2
0
4

-
1
.
0
0
8

-
0
.
8
1
1

-
0
.
6
1
5

-
0
.
4
1
8

-
0
.
2
2
2

-
0
.
0
2
6

-
1
.
2

-
1
.
0
0
5

-
0
.
8
0
8

-
0
.
6
1
2

-
0
.
4
1
6

-
0
.
2
2
0

-
0
.
0
2
4

-
1
.
0

-
0
.
8
0
5

-
0
.
6
0
9

-
0
.
4
1
3

-
0
.
2
1
7

-
0
.
0
2
1

-
0
.
8

-
0
.
6
0
5

-
0
.
4
0
9

-
0
.
2
1
3

-
0
.
0
1
8

-
0
.
6

-
0
.
4
0
5

-
0
.
2
0
9

-
0
.
0
1
4

-
0
.
4

-
0
.
2
0
5

-
0
.
0
1
0

-
0
.
2

-
0
.
0
0
5

k
L/
k
R

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

1.
2

1.
4

1.
6

1.
8

2.
0

2.
2

2.
4

2.
6

2.
8

3.
0

-
3
.
0

-
0
.
0
3
1

0
.
1
6
3

0
.
3
5
6

0
.
5
4
6

0
.
7
3
4

0
.
9
1
7

1
.
0
9
3

1
.
2
6
1

1
.
4
1
6

1
.
5
5
5

1
.
6
7
3

1
.
7
6
8

1
.
8
3
9

1
.
8
8
8

1
.
9
2
0

1
.
9
3
8

-
2
.
8

-
0
.
0
3
1

0
.
1
6
3

0
.
3
5
6

0
.
5
4
7

0
.
7
3
4

0
.
9
1
7

1
.
0
9
3

1
.
2
6
1

1
.
4
1
6

1
.
5
5
5

1
.
6
7
3

1
.
7
6
8

1
.
8
3
9

1
.
8
8
8

1
.
9
2
0

1
.
9
3
9

-
2
.
6

-
0
.
0
3
1

0
.
1
6
3

0
.
3
5
6

0
.
5
4
7

0
.
7
3
4

0
.
9
1
7

1
.
0
9
4

1
.
2
6
1

1
.
4
1
7

1
.
5
5
5

1
.
6
7
4

1
.
7
6
9

1
.
8
4
0

1
.
8
8
9

1
.
9
2
1

1
.
9
4
0

-
2
.
4

-
0
.
0
3
1

0
.
1
6
4

0
.
3
5
6

0
.
5
4
7

0
.
7
3
4

0
.
9
1
7

1
.
0
9
4

1
.
2
6
2

1
.
4
1
7

1
.
5
5
6

1
.
6
7
5

1
.
7
7
0

1
.
8
4
1

1
.
8
9
1

1
.
9
2
2

1
.
9
4
1

-
2
.
2

-
0
.
0
3
0

0
.
1
6
4

0
.
3
5
7

0
.
5
4
7

0
.
7
3
5

0
.
9
1
8

1
.
0
9
5

1
.
2
6
2

1
.
4
1
8

1
.
5
5
7

1
.
6
7
6

1
.
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7
2

1
.
8
4
3
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.
8
9
3

1
.
9
2
5

1
.
9
4
4

-
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.
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-
0
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0
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0
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.
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5

0
.
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5
7

0
.
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0
.
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6

0
.
9
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1
.
0
9
6

1
.
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.
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.
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.
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9
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.
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.
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6
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.
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6

1
.
9
2
8
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.
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7
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1
.
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-
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9
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.
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5
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.
3
5
8
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.
5
4
9

0
.
7
3
7

0
.
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0

1
.
0
9
7
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.
2
6
6
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.
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2
2
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.
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2
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.
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2

1
.
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9

1
.
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5
1

1
.
9
0
1

1
.
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3

1
.
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-
1
.
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-
0
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0
2
8
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7
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6
0
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5
5
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.
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8

0
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6
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1
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.
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6
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-
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0
.
5
5
2
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4
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.
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7

1
.
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1
8

1
.
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2

1
.
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7
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-
1
.
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-
0
.
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4

0
.
1
7
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0
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4

0
.
5
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5

0
.
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3

0
.
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1
.
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0
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1
.
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7
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6

1
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7
9

1
.
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3

1
.
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0
3

1
.
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7
9

1
.
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2

1
.
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7

1
.
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-
0
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1
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.
1
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6
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.
5
5
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0
.
7
4
7

0
.
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2

1
.
1
1
1

1
.
2
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3

1
.
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3

1
.
5
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9

1
.
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1
5

1
.
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.
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5

1
.
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.
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6
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0
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.
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7
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7
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.
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0
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3

1
.
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1
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.
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9

1
.
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1
.
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6

1
.
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3

2
.
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.
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0
.
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.
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.
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.
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1
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.
7
6
8
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.
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1
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z
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=
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u n  d  e  f  I  n  e  d  

 

Figure 6. Contour Plot of the Magnitude of the Coefficient 
of Variation of the Doubly-Truncated Normal Distribution 
(in Terms of the Standard Normal Variate) 

 

Use of the tables presented in this paper is analogous to 

that described in the author’s other working papers for the 

corresponding tables in terms of standardized t values.  

These tables have been presented as a matter of convenience 

for researchers/workers who might prefer use of the 

standard normal variate z in their calculations. 
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Combinations of Distributions 

 While this paper has focused on the case in which a 

single, otherwise-normally distributed pattern of variation 

is singly- or doubly-truncated, one can certainly utilize 

the results and tables presented in this paper to analyze 

combinations of truncated normal distributions.  One 

example of a relatively general combination is presented in 

Figure 7. 

 

x

f (x)

xR 1  = xL 2xL 1

σσ 22

xR 2µµ 11

σσ 11

µµ 22  

Figure 7. Combinations of Truncated Normal Distributions 

 

 The approach that one could utilize in analyzing a 

combination of truncated normal distributions – such as 

presented in Figure 7 – would be to utilize the results of 

this paper separately on the two constituent distributions.  

These individual results could, then, be combined after 
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“normalizing” for the relatively areas (i.e., 

probabilities) of the constituent distributions.   
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